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1. INTRODUCTION
1.1.
Let C be an algebraically closed field of characteristic zero. For a
 .  w xG.prehomogeneous vector space G, r, V , the quotient Vr G s Spec C V
w xin the sense of geometric invariant theory 12 reduces to one point.
 .Nothing interesting happens at least over an algebraically closed field .
Let N be a normal subgroup of G, and consider the quotient Vr N s
 w xN .Spec C V . It can be a nontrivial variety with an action of the quotient
group GrN.
Now we consider a special situation and change the notation slightly.
 .Let us consider a prehomogeneous vector space of the form G = H, r, V .
 w xG.The quotient Vr G s Spec C V is an H-variety. A representation V of
w xGG is called coregular if the ring C V of invariants is isomorphic to a
 . polynomial ring. If G, r, V is coregular, then it is easy to see Proposition
.6.1 that the action of H on the affine space Vr G is linear. That is, we
know the existence of the quotient prehomogeneous ¨ector space
 .  .H, r, Vr G in such a case. Several problems for G = H, r, V are
 .expected to be reduced to that for the quotient H, r, Vr G . For example,
we can construct a relative invariant of a prehomogeneous vector space
 .  .G = H, r, V using a relative invariant of the quotient H, r, Vr G .
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w xIn the 1970s, Sato and Kimura 15 completed the classifications of
irreducible reduced prehomogeneous vector spaces. At the same time, the
relative invariants are constructed for almost all of these spaces. However,
 .  .for some complicated prehomogeneous vector spaces, numbers 10 , 21 ,
 .and 24 , the construction of relative invariants had not been settled. In
w x1990, Gyoja 4 constructed relative invariants explicitly for these spaces
 .   .  . .  .   .  . .10 : SL 5 = GL 3 , L m L , 21 : Spin 10 = GL 3 , half-spin m L ,2 1 1
 .   . .and 24 : GSpin 14 , half-spin by some complicated calculations.
 .In this paper, we construct relative invariants for the spaces 10 and
 .21 using the quotient Vr G. Although the ingredients of the argument
w x w xhave already appeared in 3 or 4 , it seems new to stress the role of the
quotient. Moreover, we can also construct several basic relative invariants
 .for some related prehomogeneous vector spaces Proposition 5.1 . This
construction is expected to be useful in obtaining an explicit formula of the
w xfunctional equations of the associated zeta functions 13 . It is also helpful
w xfor orbit decompositions over a number field 14 .
 .Observe that this method is not effective for the space 24 because
 .GSpin 14 has only one simple factor.
1.2.
 .Let G = H, r, V be a prehomogeneous vector space such that the
 .quotient W [ Vr G is also a vector space. Then H, r, W is a prehomo-
geneous vector space such that the projection to the second factor of the
generic isotropy of G = H at V coincides with the generic isotropy of H at
W. The quotient map c : V ª W is surjective and G = H-equivariant.
 . Conversely Theorem 2.2 , if two prehomogeneous vector spaces G =
.  .H, r, V and H, r, W are connected by a surjective equivariant mor-
phism c : V ª W and they satisfy the condition above on the generic
 .  .isotropy subgroups, then H, r, W is the quotient of G = H, r, V .
1.3.
We explain the organization of the paper. In Section 2, we give a
 .sufficient condition Theorem 2.2 to obtain the quotient. We construct
 .  .  .the equivariant surjective map c for the spaces 10 , 20 , and 21 in
Sections 3 and 4. In Section 5, we give an application of the description of
the quotient and Section 6 is devoted to proving the existence of an
equivariant quotient.
 .Notation. We denote the mth symmetric resp. skew symmetric tensor
n m n.  m n.. 2 n.representation of C by S C resp. L C . We often identify S C
 .   . < t 4with the set Sym n s X g M n X s X of symmetric matrices, and
2 n.  .L C with the set Alt n of skew symmetric matrices.
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A vector space or a linear algebraic group is defined over C. Note that,
 .for example, the symbol SO m means a complex special orthogonal group
 .  .  .SO m, C , instead of a usual real special orthogonal group SO m, R .
2. MAIN THEOREM
First we recall the notion of equivariant quotient of an affine variety.
DEFINITION 2.1. Let G, H be linear algebraic groups and V, W be
affine algebraic varieties. Suppose V is a G = H-variety and W is an
H-variety. If c : V ª W induces an isomorphism
; Gw x w xc *: C W ª C V
as C-algebras and H-modules, then the affine variety W or, more pre-
; .cisely, the induced morphism c : Vr G ª W is called the H-equi¨ ariant
quotient of V by G.
We introduce further standard terminology on prehomogeneous vector
 .spaces. For a prehomogeneous vector space G, r, V , the open G-orbit in
V is denoted by V s V , and its complement by S s S [ V y V . AV V V
point ¨ in the open orbit V is called a generic point and the isomorphism
.class of G is called a generic isotropy.¨
The following theorem is the main result of the abstract part of this
paper.
 .  .THEOREM 2.2. Let G = H, r, V and H, r, W be prehomogeneous
¨ector spaces and c : V ª W be a surjecti¨ e polynomial map such that
c r g , h ¨ s r h c ¨ for all g g G, h g H , ¨ g V . .  .  . .  .
 ..Let p : G = H ª H be the second projection, p g, h s h, and supposeH H
the condition
a p G = H s H for a ¨ g V . .  . .¨H c ¨ . V
;
Then c : Vr G ª W is an H-equi¨ ariant quotient.
Proof. It is enough to show the surjectivity of c *. First of all, we have
V s H ? c ¨ ( HrH , .W c ¨ .
V r G s G = H ? ¨r G ( G = H r G = H r G .  .  . ¨V
s Hrp G = H . . .¨H
 .By condition a , V ( V r G.W V
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w xG w xG w xG w xTake some f g C V . Since C V ; C V ( C V , there existsV W
Ä Ä Äw x w xan f g C V such that f s f (c . We want to prove f g C W .W
Let S s S j ??? j S j S9 be the decomposition of S such that theW 1 l W
S 's are the irreducible components of codimension one and S9 is thei
union of components of codimension greater than one. Note that S s wi
<  . 4g W p w s 0 with an appropriate basic relative invariant p .i i
l N ÄLet p s  p . Then there is an integer N G 0 such that p ? f isis1 i
N Ä w xregular outside of S9. Since S9 has codimension at least two, p ? f g C W .
N Ä Nw x  .Suppose N G 1. We set g [ p ? f g C W , then g (c s p(c ? f. Since
 .c is surjective, for a w g W, there is a ¨ g V such that w s c ¨ . Then
 .   ..   ..N  .  .N  .g w s g c ¨ s p c ¨ f ¨ s p w f ¨ . Then g vanishes on S1
 <  . 4j ??? j S s w g W p w s 0 . Again grp is regular outside of S9, gl
Ny1 Äw x w xcan be divided by p in C W . That is, p ? f g C W . By an induction on
Ä w xN, we have f g C W .
 .Condition a in Theorem 2.2 may be stated in the following form:
LEMMA 2.3. Let ¨ g V be a generic point and consider the followingV
conditions:
 .  . .a9 p G = H > H .H ¨ c ¨ .
 .  . .a1 Each connected component of H meets p G = H .c ¨ . H ¨
 .  . .a2 dim p g [ h s dim h .H ¨ c ¨ .
 .a29 dim G y dim G s dim V y dim W.¨
 .  .  .i Condition a is equi¨ alent to a9 .
 .  .  .  .ii Conditions a1 and a2 are equi¨ alent to a .
 .  .  .iii Condition a2 is equi¨ alent to a29 .
 .Proof. i It is easy to see
p G = H ; H for ¨ g V . . .¨H c ¨ . V
 .ii Clear.
 .  .iii The left-hand side of a2 is
dim g [ h y dim g s dim G = H y dim V y dim G . .  .  .¨ ¨ ¨
 .The right-hand side of a2 is dim H y dim W.
We give an example of Theorem 2.2.
PROPOSITION 2.4. For m ) n,
M m , n r SO m 2 X ¬tXX g S2 Cn .  .  .
 .is a GL n -equi¨ ariant isomorphism.
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The result is, of course, well known. This is easily derived from the
w xclassical invariant theory 5, 18 . However, we will give a proof using
Theorem 2.2 in order to illustrate the examples in Sections 3 and 4 below.
 .Proof. It is enough to check condition a in Theorem 2.2 for G s
 .  .  .  .SO m , H s GL n , V s M m, n , W s Sym n , and c : V ª W defined
 . tby c X s XX. It is easily verified that c is surjective and that condition
In .  .  .a2 holds. We prove condition a1 . Take a generic point ¨ s g V.0
 .  .Then c ¨ s I g W and H s O n , which has two connected compo-n c ¨ .
 .  .nents. It is enough to prove that diag y1, 1, . . . , 1 g O n can be obtained
 . .by p G = H . In fact, we haveH ¨
diag y1, 1, . . . , 1, y1 , diag y1, 1, . . . , 1 g SO m = GL n . .  .  .  . .  . ¨
 .   .  .  ..3. THE SPACE 10 : SL 5 = GL 3 , M 10, 3
In this section, we will construct the map c for the prehomogeneous
  .  .  ..vector space SL 5 = GL 3 , L m L , M 10, 3 .2 1
3.1.
 . 2 5. 10In this section, x, y will be elements of Alt 5 ( L C ( C .
 .First define an SL 5 -equivariant symmetric bilinear function
b : Alt 5 = Alt 5 ª C5 * .  .  .
by
b x , y [ x y y x y q x y .i iq1 iq2 iq3 iq4 iq1 iq3 iq2 iq4 iq1 iq4 iq2 iq3
q y x y y x q y xiq1 iq2 iq3 iq4 iq1 iq3 iq2 iq4 iq1 iq4 iq2 iq3
1
s sgn s x y . iqs 1. , iqs 2. iqs 3. , iqs 4.4 sgS 4
w xfor i s 1, . . . , 5. Here indices are numbered modulo 5. In 4 , b is writteni
 5. 4 5. 2 2 . 2 2 .as g . As is known, C * ( L C appears in L C m L C withi
multiplicity one. The projection to this irreducible component is nothing
but b.
w xWe can also give b in terms of the 4 by 4 principal minor Pfaffian 8 .
 .  i.  .For an x g Alt 5 and for i s 1, . . . , 5, define x g Alt 4 by the matrix
obtained by deleting the ith row and ith column from x. Then we have
 . iy1  .   i..  . iy1  .  . i..   i..y1 b x, x s 2 Pf x and y1 b x, y s Pf x q y y Pf xi i
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  i..y Pf y . That is, b is a symmetric bilinear form corresponding to thei
  i..quadratic form 2 Pf ? .
3.2.
 .Next we define an SL 5 -equivariant trilinear mapping
 < < : 5 5? ? ? : C * = Alt 5 = C * ª C .  .  .
 .  < < : 5by j , u, h ¬ j u h [  j u h .i, js1 i i j j
LEMMA 3.1. This satisfies the following relations:
 < < :  < < :¡ a h u j s y j u h , .
 < < :b j u j s 0, .
 < < :c b y , y y h s 0, .  .~  < < :  < < :d b y , y x h q 2 b x , y y h s 0, .  .  .
 < < :e b y , y x b x , y s 0, .  .  .
 < < :  < < :f b y , y z b x , y s b y , y x b z , y s 0, .  .  .  .  .¢  < < :  < < :  < < :g b x , y z h s b y , z x h q b z , x y h s 0. .  .  .  .
 .  5.Here x, y, z, u g Alt 5 , j , h g C *.
w xProof. Although these are proved in 4, Sect. 2 , we repeat the proof
 .  .  .  .  .briefly. a and b follow from u g Alt 5 . d is the differential of c in
 .the direction x­ . To be more precise, substitute y q « x in y of c , andy
1  .  .  .look at the coefficient of « . If we set h s b x, y in d , we have e with
 .  .  .  .  .  .the help of b . f is ``z­ e '' and g is ``z­ d .'' Now we prove c .x y
5
 < <b y , y x s b y , y x s 2 Pf A , .  .  .j i i j
is1
 .  .where A s a g Alt 6 is defined by a s y , a s x , a s x ifp q p q p q p6 p j 6 q jq
  . < < .2  .2  .p, q F 5, and a s 0. In particular, b y, y y s Pf A s det A sj66
0.
3.3.
 .  .Now we define a map c : M 10, 3 ª Sym 3 . We often identify an
 .  .element of M 10, 3 with a triplet x, y, z of three alternative matrices in
 .Alt 5 .
c x , y , z .
 < < :  < < :  < < :2 b x , x z b x , y b x , x z b y , y b z , z y b x , x .  .  .  .  .  .
 < < :  < < :  < < :b x , x z b y , y 2 b y , y x b y , z b y , y x b z , z .  .  .  .  .  .[ . / < < :  < < :  < < :b z , z y b x , x b y , y x b z , z 2 b z , z y b z , x .  .  .  .  .  .
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 .  .  .  .LEMMA 3.2. For e¨ery g g SL 5 , h g GL 3 , x, y, z g M 10, 3 , we
ha¨e
c gx , gy , gz s c x , y , z , .  .
3.1 .t t
c x , y , z h s det h hc x , y , z h. .  .  . .
 .Proof. We may prove the equivariance 3.1 for h's of one of the
1 « 0 a 0 0
0 1 0 0 1 0following three forms: h s , , or permutation matrices. /  /0 0 1 0 0 1
 .Checking 3.1 for diagonal or permutation matrices is easy. For h s
1 « 0  .  .0 1 0 , we use relations a ] g listed in Section 3.2. /0 0 1
 .  . t .  .The 1, 1 -entry of c x, y, z h s c x q « , y, z is calculated as
 2 < < :2 b x , x q 2«b x , y q « b y , y z b x , y .  .  .  .
 2 < < :q 2« b x , x q 2«b x , y q « b y , y z b y , y .  .  .  .
 .b
 < < :  < < :s 2 b x , x z b x , y q 2« b x , x z b y , y .  .  .  .
2 2  < < :q 2« y 4« b y , y z b x , y .  .  .
 < < :  < < :s 2 b x , x z b x , y q 2« b x , x z b y , y .  .  .  .
2 < < :q 2« b y , y x b y , z .  .
 .  .  .by using a and f . The 1, 3 -entry is
 < < 2 :b z , z y b x , x q 2«b x , y q « b y , y .  .  .  .
 .c
 < < :  < < :s b z , z y b x , x q 2« b z , z y b x , y .  .  .  .
 < < :  < < :s b z , z y b x , x q « b y , y x b z , z .  .  .  .
 .  .  .  .  .by d and a . Similarly, the 1, 2 -entry is checked by b , the 2, 2 -entry
 .  .  .  .  .by c , the 2, 3 -entry by c , and the 3, 3 -entry by e .
LEMMA 3.3. The map c is surjecti¨ e.
5  .Proof. Let ¨ g C i s 1, . . . , 5 be the standard unit vector, let E gi i j
 .  .M 5 be the standard matrix unit, and define Y s E y E g Alt 5 for ai j i j ji
moment. We set x s Y q Y , y s Y q Y , z s Y q Y , z9 s Y ,12 34 23 45 13 25 15
 .  .  .and z0 s Y . Then we have b x, x s 2¨ , b y, y s 2¨ , b z, z s 2¨ ,13 5 1 4
 .  .  .  .  .b x, y s ¨ , b x, z s ¨ , b y, z s ¨ , b x, z9 s ¨ , b y, z9 s ¨ ,3 1 2 2 4
 .  .  .  .b y, z0 s ¨ , b x, z0 s 0, b z9, z9 s 0, and b z0, z0 s 0. By a direct2
  . < <   . < <   . < <calculation, b y, y x s 2¨ , b x, x z s y2¨ , b z, z y s 2¨ ,2 2 5
  . < <   . < <   . < <b x, x z 9 s y2 ¨ , b x, x z 0 s 0, b z 9, z 9 y s 0, and1
  . < <b z0, z0 y s 0.
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0 0 4 0 y 4 0 .  .0 4 0 y 4 0 0Finally, we get c x, y, z s , c x, y, z 9 s , /  /4 0 0 0 0 0
0 0 0 .  .  .0 4 0c x, y, z0 s , and c x, y, 0 s 0. Since the map c is GL 3 - /0 0 0
 .  .equivariant, the image is a GL 3 -stable subset of Sym 3 containing the
 .four elements above. It must be Sym 3 itself.
THEOREM 3.4. The algebra homomorphism
 .S L 5
c *: C Sym 3 ª C M 10, 3 .  .
 .is bijecti¨ e. That is, c gi¨ es a GL 3 -equi¨ ariant isomorphism:
;3 2 5 2 3C m L C r SL 5 ª S C . .  .  .
 .  .Proof. We will apply Theorem 2.2 for G s SL 5 , H s GL 3 , V s
2 5 3 2 3.L C m C , W s S C m det, and c : V ª W defined above.
 . w xCondition a2 can be easily seen by 15 . In fact, by a straightforward
calculation, the generic isotropy G turns out to be a finite group. This¨
 .yields a29 .
 .Finally, we have to check condition a1 . The generic isotropy H isc ¨ .
 <  .  . 5 4  .isomorphic to th h g SO 3 , t g GL 1 , t s 1 ( SO 3 = Z . It is5
 .enough to construct an element of G = H whose image under p has a¨ H
nontrivial factor in Z . Take a fifth root of unity z and consider z I ,5 5
y2 .  y2 ..z I . It is easy to see that it acts on V trivially and p z I , z I3 H 5 3
generates Z .5
w xThe irreducible relative invariant F in 4, Theorem 1 is given by
1 .   ..F x, y, z s y det c x, y, z .2
 .   .  .  ..4. THE SPACE 21 : Spin 10 = GL 3 , M 16, 3
In this section, we will construct the map c for the prehomogeneous
  .  .  ..vector space Spin 10 = GL 3 , half-spin m L , M 16, 3 . The argument is1
parallel to the previous section. The calculation below gives the quotient
 .   .  .  ..for the space 20 : Spin 10 = GL 2 , half-spin m L , M 16, 2 .1
4.1.
 .First we define a Spin 10 -equivariant symmetric bilinear function
b : C16 = C16 ª C10 .
16  . 10Here C is a half-spin representation of Spin 10 and C is a vector
 . w x wrepresentation of SO 10 . The explicit form of b is also given in 3 and 4,
xp. 442 .
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 .Next we define an SO 10 -invariant symmetric bilinear form
 : 10 10? , ? : C = C ª C
 .  : 5  .by j , h ¬ j , h [  j h q j h .is1 i iq5 iq5 i
4.2.
Now we define a map
c : M 16, 3 ª Sym 3 . .  .
 .  .We will identify an element of M 16, 3 with a triplet x , x , x of three1 2 3
16  .  .vectors in C . For an x s x , x , x g M 16, 3 , we define1 2 3
a s a x [ b x , x , .  .i i i i  4  4b s b x [ b x , x for i , j, k s 1, 2, 3 . .  .i i j k
These satisfy the following relations:
 :¡ a , a s 0,i i
 :a , b s 0 for i / j,i j~
 :  :  4  4a , b s y2 b , b for i , j, k s 1, 2, 3 ,i i j k¢ :  :  4  4a , a s y2 b , b for i , j, k s 1, 2, 3 .i j k k
 .   ..  .Using the above notation, we define c x s c x by c x [i j i j
 .d i j  .  .:y1 b x , b x . Here the Kronecker delta is d s 1 and d s 0 fori j i i i j
i / j.
 .  .  .  .LEMMA 4.1. For g g Spin 10 , h g GL 3 , x , x , x g M 16, 3 we1 2 3
ha¨e
c gx , gx , gx s c x , x , x , .  .1 2 3 1 2 3
4.1 .
t 2 t y1 y1c x , x , x h s det h h c x , x , x h . .  . .1 2 3 1 2 3
 .Proof. As in the proof of Lemma 3.2, it is enough to prove 4.1 for
1 « 0
0 1 0h s . That is, /0 0 1
1 0 0 1 y« 0
y« 1 0 0 1 0c x q « x , x , x s c x , x , x . 4.2 .  .  .1 2 2 3 1 2 3 /  /0 0 1 0 0 1
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 .  .The 2, 3 -entry of 4.2 is
 < :  < :  < :  < : 2 < :y b q « b b q « a s y b b y « b b q b a y « b a .2 1 3 2 1 3 1 3 2 2 1 2
 < :  < :s y b b y « y b b . .1 3 1 3
 .  .The 2, 2 -entry of 4.2 is
 < :  < :  < : 2 < :b q « b b q « b s b b y 2« y b b q « b b . .2 1 2 1 2 2 1 2 1 1
The other cases are similar.
LEMMA 4.2. The map c is surjecti¨ e.
w x 10Proof. We employ the notation in 15, 4 for spinors and let ¨ g Ci
 .i s 1, . . . , 10 be the standard unit vector. We set x s 1 q e e e e ,1 1 2 3 4
x s e e q e e e e , x s e e q e e e e , xX s e e q e e q e e e e .2 1 5 2 3 4 5 3 1 2 1 3 4 5 3 1 2 3 5 1 2 4 5
 .  .  X .Then b x , x s ¨ q ¨ , b x , x s y¨ , b x , x s ¨ q ¨ ,1 2 1 6 1 3 7 1 3 3 8
0 y 1 0X .  .  . y1 0 0b x , x s b x , x s y¨ , and c x , x , x s ,2 3 2 3 2 1 2 3  /0 0 2
0 0 0 0 0 0X .  .  .0 2 0 0 0 0c x , x , x s , c x , x , 0 s . Finally, c 0, 0, 0 s 0. The1 2 3 1 2 /  /0 0 2 0 0 2
rest of the argument is the same as for Lemma 3.3.
 .THEOREM 4.3. i The algebra homomorphism
 .S pin 10
c *: C Sym 3 ª C M 16, 3 .  .
 .is bijecti¨ e. That is, c gi¨ es a GL 3 -equi¨ ariant isomorphism:
;16 3 2 3C m C r Spin 10 ª S C * . .  .  . .
 .  .ii The restriction to x s 0 gi¨ es a GL 2 -equi¨ ariant isomorphism3
;16 2 2c : C m C r Spin 10 ª C, det . .  .  .33
 .  .Proof. We will apply Theorem 2.2 for G s Spin 10 , H s GL 3 , V s
3 2 3. . 2half-spin m C , W s S C * m det , and the equivariant surjective map
 . w xc : V ª W defined above. Since condition a2 follows from 15 , it is
 .enough to show a1 .
 .  .By the action 4.1 , the generic isotropy H ( SO 3 = Z . Sincec ¨ . 4
 .  .G = H contains Z = Z l ker r, it is sufficient to give an element¨ G H
 . .of p Z = Z l r > Z . Here Z , Z are the centers of G, H,H G H 4 G H
 .respectively. Since the half-spin representation G ª GL 16 is irreducible,
 .an element of the center Z of G acts by some scalar l: Z ª GL 1 sG G
C=. It is known that the half-spin representation is faithful, hence l:
 .Z ª GL 1 is an injective homomorphism. Since the center Z is isomor-G G
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phic to Z , the image of Z consists of multiplications by the fourth root4 G
of unity. Then, for any multiplication in Z ; H , its inverse is realized4 c ¨ .
 .by an element in Z . This must come from Z = Z l ker r.G G H
w xIn 4, Theorems 2 and 3 , Gyoja gives the basic relative invariants F , F2 3
 .   .  .  ..of the prehomogeneous vector spaces 20 : Spin 10 = GL 2 , M 16, 2
 .   .  .  ..and 21 : Spin 10 = GL 3 , M 16, 3 , respectively. These are written in
terms of the map c as
F x , x s c x , x , 0 , F x , x , x s yc x , x , x . .  .  .  .2 1 2 33 1 2 3 1 2 3 1 2 3
5. APPLICATION
We can apply the idea using the quotient variety for constructing
relative invariants of some related prehomogeneous vector spaces.
 .  .   .PROPOSITION 5.1. Let us consider the cases 10 or 21 : G = GL 3 , V1
3.  .   . 2 10.   . 16 .m C with G, r , V s SL 5 , L , C or Spin 10 , half-spin, C . De-1 1
 .  .note the set of lower triangular matrices in GL 3 by B 3 , a Borel subgroup of
 .GL 3 . Then
 .   . 3.i G = B 3 , V m C is also a prehomogeneous ¨ector space.1
  . 3.Namely, the prehomogeneous spaces G = GL 3 , V m C are spherical1
 .with respect to the second factor GL 3 .
 .  .  .ii Denote the ith principal minor i s 1, 2, 3 of Sym 3 by d . Then ai
set of basic relati¨ e in¨ariants of the prehomogeneous ¨ector space G =
 . 3.  < 4B 3 , V m C is gi¨ en by d (c i s 1, 2, 3 .1 i
Proof. It is obvious from Theorem 3.4 or Theorem 4.3 that any relative
3  . .  .invariant of G = B 3 , V m C has to factor through Sym 3 .1
The question of the construction of relative invariants is posed by Sato
w x13 in his work on zeta functions for some weakly spherical homogeneous
spaces. We can also regard the construction of relative invariants of
w xprehomogeneous vector spaces of commutative parabolic type 11 as an
example of Theorem 2.2.
By a standard the argument, Proposition 5.1 is stated in a slightly
different form. Let P be the standard parabolic subgroup of1, 1, 1, my3
 .  .3  .  .GL m whose Levi factor is GL 1 = GL m y 3 . Then SL 5 = P1, 1, 1, 7
 .  .has an open orbit on GL 10 , and Spin 10 = P has an open orbit on1, 1, 1, 13
 .GL 16 . The defining equations of this open orbit are given by
g g GL m d (c I 0 g s 0 for i s 1, 2, 3 . .  . 4 .i 3
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6. EXISTENCE OF THE QUOTIENT
 .PROPOSITION 6.1. Let V be a finite dimensional representation of a
linear algebraic group G = H. Suppose that the action of G on V is coregular
and that H is reducti¨ e. Then there exists a representation W of H such that
w xG w x  .C V is isomorphic to C W s S W * as an H-module. That is, Vr G ( W
as an H-space.
Proof. Denote the set of homogeneous invariants of degree d by
w xG w xG  .C V . Denote by J the subalgebra generated by C V d9 - d . Sinced. d d9.
w xGC V is a completely reducible H-module, there is an H-submodule Wd. d.
such that
G Gw x w xC V s C V l J [ W .  . .d d d d.
` w xGas H-modules. We set W [ [ W ; then W generates C V . By thed.ds0
coregularness, any basis of W is algebraically independent.
Remark 6.2. The coregular representations for all simple algebraic
w xgroups G are classified by Schwartz 16 . By his table, we had already
 2 5. 3.  .  16 3.  .known that L C m C r SL 5 and C m C r Spin 10 are affine.
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